
7.4 Derivatives, Integrals, and Products of Transforms  

1. Products of Transforms

Consider the initial value problem

        

We apply the Laplace transform on both sides of the equation, 

                                                       

Recall  and .

We have  thus

                

Question 1: Do we have ? The answer is no, since

.

 

Question 2: 

If  and , what is ?

Theorem 1  tells us the answer is the following function

                   

We call this function the convolution of  and  and it is denoted as .

 

Definition.   The Convolution of Two Functions

The convolution  of the piecewise continuous functions  and  is defined for  as follows:

We will also write  when convenient.

 

 

 

(1)

Remark : The convolution is commutative : f*g=g*f
If we substitute u=t - e in 111 . Oez et ,

Teo, let

⇒ z= f-a
T=t , u= 0

4-*g) ltrfotftglt - e)do = J; fit - a)giusdtus-fotginfct-uv.lu



 

 

Example 1 Find the convolution  in the given problem

  ,    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Theorem 1 The Convolution Property
Suppose that  and  are piecewise continuous for  and that  and  are bounded by 

 as . Then the Laplace transform of the convolution  exists for ; moreover, 

and

 

=⑨*f) Its

ANS : By Egill . 4- *g) ltkfotfczsgct - e)de
Thus

( cost)* Grint )= got cost sinlt - e) dt
Recall

cosA. sin 13=1-2 fair 1A -113) - sin IA- BD

Then got costain it -tide
constant for#

/9h14- t > de
=L got Kint 't sin 12T - t ) / de =±fnhKc-tidbit )

= -£ cos 122- t )
=L [Taint + tacos be- t )) / ot

cos c-f)= cost

=L [taint -11¥- o - I
"""

"
cost -_ cost-4

= Itsht .



 

Finding Inverse Transforms
Thus we can find the inverse transform of the product , provided that we can evaluate the integral

 

 

Example 2 Apply the convolution theorem to find the inverse Laplace transform of the function.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

"
g- *✓

ANS :

= ¥5 ' ¥

d-
'

f
2

f- 1) (5+4) } = £
"

/¥22 ' ¥ }
Recall I

'

}¥. ] = ainzt , I
'

}# } = et
Let fit) = sinzt , and get ) = et .

£
'

}¥cs4I , } = fits *glt ) = J? f-E) get - e) de
= fotsinzz et

-z
→ et

-

E et . e
- e

de = et f? sin 2T e-Edt

(Note : febxainaxdg.ae#.e---fa--2bx(bainaxb-=-acosax)
>
= et z¥j e-

t

f- sin 2T - 2 cost ) /!
= et . I [e-

±
- C- sinzt - zcoszt ) - ell- o - 2J

= ¥ C- ainzt - zcoszt ) + § et
= Is et - § gin 2T - 3- cos 2T



2. Differentiation of Transforms

Question 3: What is  if ?

Theorem 2
 If  is piecewise continuous for  and  as , then 

for . Equivalently,

 Repeated application of Equation (7) gives

 

 

Example 3 Apply Theorem 2  to find the Laplace transform of .

(1)      (Exercise)

(2)          (Exercise)

(3)    

 

 

 

 

 

 

 

 

 

 

 

 

 

⇒ £
'

}Hiss ] = 3- et- f- sink - F- cos 20

☒

cross

ANS : By Eq☒ , Ltlsinkt ]=(-15¥

=¥( is.IE/i./(gIj=t'g-gtg=-2kls4KT-K5+k4Y!K2ks)fs2+k2)4
=
-21215+155-2 . (5+15) -2s - fzks )

(5+15)-1

=
-2145+1554.8kits

(57-15)*3

=
-21215+151-18125

$4k
' )3

=
6125-2/23
1541243



(1) By Eg ☒
s

Ltlicoszt } = C-15¥ 5422

= d 5+5 -2s - s

ds (75+25)=1%-1%+4.5. )
= -2s -15+25-65-1244 ! c-5+4 )

( 5+2214

=
-2567-225 -264472s . C- 5+42

(5+234

=
-25.0425-495+4×-544 )

(5+4)-1

=
-2s (5+22) - 4s (-5+4)

@7-4)3

=
-245 2s

}

(5+4) }
t
(57-4)}

(2)

By Ig ④
and I } e-taint } = is-11}-12 = ¥+5

L }t e- tain at }

= 1- 1)¥ - s¥+5

=+Éii¥

=¥i



3. Integration of Transforms

In Theorem 2,  corresponds to multiplication of  by  (together with a change of sign).

It is therefore natural to expect that integration of  will correspond to division of  by  (Theorem 
3).

 

Theorem 3.  Integration of Transforms
Suppose that  is piecewise continuous for , that  satisfies the condition

and that  as .
Then

for . Equivalently,

 

Example 5 Apply Theorem 3  to find the Laplace transform of .

 

 

 

 

 

 

 

 

 

 

 

①

ANS :L}sinht}=s¥ Is > 1kt ) s > 1

We first verify the condition
111 holds

.

tim sinht =/ im
e-te-t.IE

"

1-
'

Hospital p.m let- e-
t
)
'

t → 0-1 t +→ 0-1 2 - t f→o+ ft)
'

= Iim
et + e-

t

= -1 (exists & finite )
f.→Ot

2

Then by -1hm 3
.

L }ñn¥}=J? do =/Trotman do
Partial traction
method £19 (¥ - ¥ / do



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 6  Apply the convolution theorem to derive the indicated solution  of the given differential 
equation with initial conditions .

 

 

 

 

 

 

 

 

 

 

= £ [ Into - it - Into -111 ] ? lnx - try =/n±y
= t.int:# IfI
=±¥is(h¥I - In 15¥11
Note Iim # I:# f- In #adf.IT/--1n!i:isIb-ji-ib-scs(=ln1i;g/1-b-#I--In 1=0

> =±tT¥Ñ=±yns¥lY=±hP¥f¥n¥,

MANS
: We apply the Laplace transform on both sides

of the given eqn .

LH" } -1423×3=23fits}
⇒ s

- ✗ is ) - s.to#o-4Xcs , = Fcs )
⇒ (5+4) ✗ ( s ) = Fcs )

✗
Gcs )

⇒ ✗is)=¥¥, = ¥
,
HI



Note L
"

}s¥}= I L
"

}s¥ } = tzsinzt
= get ]

Thus
✗ Is> = Gist s > Apply

✗ It ) = glt > * fits⇐

= ⇐ aint /* fit )
by def

of
"*
" 't
= tzfotsinztflt - e) DI


